The nature of plasma turbulence remains unclear at kinetic scales, especially sub-electron scales. We simultaneously investigate spectra of magnetic and electric fields from proton scales (∼1 Hz) down to subelectron scales (∼1 kHz) using MMS measurements in the magnetosheath turbulence. We find that magnetic field spectra exhibit identical behavior between ion and electron scales, while they bifurcate at about 30 Hz (around electron inertial scale) and then aggregate around 1 kHz (around electron gyrofrequency). Kinetic Alfvén waves (KAWs) are identified in the range from 1 to 30 Hz: (1) the power spectral indices of PSD(B) and PSD(E) are about −3 and −1; (2) parallel magnetic and electric fluctuations are present but subdominant. Magnetic field spectra obtained from postnoon region events show a clear spectral enhancement, which is identified as quasi-parallel whistler waves (WWs). Electric field spectra present a wide bulge around 800 Hz, which is also seen as island-like patterns in the time-period wavelet spectra. The electric field spectral enhancement is dominated by field-parallel fluctuations and is, therefore, diagnosed as ion acoustic waves (IAWs). We also perform a quantitative analysis of the multiple mode types using polarization predictions from two-fluid theory. We obtain the energy partition of electromagnetic fields for different wave modes and successfully reproduce the observed PSDs ofB ,  B ,Ê , and  E . Our findings suggest that the magnetosheath turbulence consists of a mixture of multiple wave modes (KAW, WW, and IAW) in the range from sub-ion scales to sub-electron scales.
Introduction
Turbulence exists in almost all heliospheric plasma environments like the solar wind (e.g., Tu & Marsch 1995; Alexandrova et al. 2013; Bruno & Carbone 2013) , the magnetosheath (e.g., Sahraoui 2003; He et al. 2011; Huang et al. 2014) , and the solar atmosphere (e.g., Petrosyan et al. 2010; Hollweg et al. 2013 ). The magnetosheath is the plasma region downstream Earthʼs bow shock, which is generated by the interaction of the supersonic solar wind and the Earthʼs magnetosphere. Compared to the upstream solar wind, the magnetosheath is characterized by a greater magnitude of the magnetic field, plasma density, and temperature.
We identify four characteristic regimes in plasma turbulence: the energy-containing range, the inertial range, the electronfluid inertial range/ion-kinetic dissipation range, and the fully kinetic dissipation range. In the inertial range, non-compressive magnetic fluctuations are usually attributed to Alfvénic fluctuations, while compressive fluctuations may correspond to propagating slow magnetosonic waves, fast magnetosonic waves, or convective pressure-balanced structures. In the solar wind, especially in fast streams, non-compressive Alfvénic turbulence is a remarkably universal phenomenon (Belcher & Davis 1971; Tu & Marsch 1995) . Alfvénic turbulence displays a power spectrum in accordance with Kolmogorovʼs theory (Kolmogorov 1941 ) with a spectral index of approximately −5/3. The compressive fluctuations have been found more likely to be pressure-balanced structures with polarizations like oblique slow magnetosonic waves rather than fast magnetosonic waves (Tu & Marsch 1995; Yao et al. 2011; Howes et al. 2012 ; He et al. 2015; Yang et al. 2017 ). Magnetosheath turbulence is predominantly compressive and shows a flattened magnetic field power spectrum, attributed to the compression of the solar wind at the bow shock (Narita et al. 2016; Huang et al. 2017) .
When the cascading turbulent energy reaches ion scales and beyond, the turbulence becomes dispersive and dissipative. The nature of turbulence at kinetic scales is still under intense debate. Statistical research of solar wind streams with different speed reveals that magnetic spectra have different power levels in the inertial range while they converge toward one profile at ion scales (Bruno et al. 2014) . From the ion scales down to the electron scales, the spectrum of magnetic fluctuations is a power law with a power index close to −2.8 based on observations both in the solar wind (Alexandrova et al. 2009; Sahraoui et al. 2013 ) and in the magnetosheath (Huang et al. 2014) . Kinetic Alfvén waves (Bale et al. 2005; Sahraoui et al. 2010 ) and oblique whistler/ Bernstein waves (Stawicki et al. 2001; Perschke et al. 2013 ) are suggested as candidates for the fluctuations below the proton gyroscale. At sub-electron scales, the morphology of the spectrum is still controversial. Sahraoui et al. (2010) report that the spectrum below electron scales continues as a power-law spectrum. On the other hand, Alexandrova et al. (2012) describe the spectrum below electron scales as an exponential function with a power-law factor, which may be a result of Landau damping at electron scales. Recently, Chen & Boldyrev (2017) suggest that inertial kinetic Alfvén waves (IKAWs) may be active on scales smaller than the electron inertial length in an event, in which b~0.8 i and b~0.08 e , where b m
2 , m 0 is the vacuum permeability, n s is the background density of species s, T s is the temperature of species s, B 0 is the background magnetic field, and k B is the Boltzmann constant. They identify a transition from kinetic Alfvén waves at
, where d e is the electron inertial length. The magnetic power spectrum for IKAW-turbulence is predicted to be steep with a power-law index of −11/3. We address the question of whether IKAW are the only mode type of magnetosheath turbulence at scales beyond the electron inertial length or whether other types of waves (e.g., whistler waves) contribute.
Compared to the magnetic field power spectral density (PSD), the electric field PSD presents a different trend from fluid scales to kinetic scales. At fluid scales, the electric spectrum follows directly from the velocity spectrum due to the Lorentz transformation from the plasma frame (Chen et al. 2011) . Around and beyond proton scales (inertial length and thermal gyroradius), the electric field PSD flattens, associated with a monotonic increase of the electric-to-magnetic PSD ratio (Bale et al. 2005; Sahraoui et al. 2009 ). In the magnetosheath, electrostatic waves are occasionally observed, some of which exhibit features consistent with solitary waves (Rodriguez & Gurnett 1975; Gallagher 1985; Graham et al. 2016) . These waves cause a unique feature with wide-band festoon-shaped emission in frequency-time spectrograms (Gallagher 1985) and a maximum electric fluctuation power at ∼1 kHz above the ion plasma frequency f pi and below the electron plasma frequency f pe (Graham et al. 2016) .
There are two kinetic instabilities that generate parallelpropagating whistler waves. If the electron distribution function exhibits a large enough anisotropy with < T T e e , , , the plasma drives the whistler instability (Gary & Wang 1996) . Another instability driving whistler waves is the heat flux instability (Gary et al. 1999; Fujimoto 2014; Lacombe et al. 2014) , which is excited if the electron heat flux Q e exceeds some threshold value. For the whistler waves observed in the magnetosheath, however, it remains unclear as to whether one of these linear instabilities is responsible for the generation of the observed whistler waves. Alternatively, a nonlinear and/or nonlocal process may be the source for whistler waves in this regime.
The ion acoustic wave (IAW) is a compressive electrostatic wave mode. Also IAWs can be driven by linear instabilities, for example, through the electron-ion drift instability (Fried & Gould 1961) or the ion beam instability (Fried & Wong 1966) . These instabilities are essentially excited if the distribution function exhibits a positive derivative in velocity space at the parallel phase speed of the wave. The observations of broadband electrostatic noise (Scarf et al. 1974; Gurnett et al. 1976 ) are interpreted as a consequence of the ion beam instability (Gary 1993) . The festoon-shaped emissions in the magnetosheath are speculated to be ion acoustic waves, generated upstream of the bow shock and then convected downstream (Gallagher 1985) . We address the possibility of coexisting electrostatic IAWs with other types of electromagnetic waves in the kinetic regime from sub-ion to sub-electron scales in this work.
The nature of magnetosheath turbulence in the full wavenumber range from ion scales down to sub-electron scales is an important research topic that we address in this work. In the low-β (=1) magnetosheath, magnetic energy dominates through MHD scales and into ion-kinetic scales, while electron-kinetic energy exceeds magnetic energy below the electron inertial length (Gershman et al. 2018) . Furthermore, using our theoretical model, we investigate the contributions of different wave modes (KAWs, WWs, IAWs) to the magnetic and electric field fluctuations from ion scales to sub-electron scales. This analysis provides additional observational insight into the kinetic-scale energy cascading and dissipation processes. We study the difference of sub-ion-scale turbulence between a prenoon region and a postnoon region in the magnetosheath. For this analysis, we use measurements of the magnetosheath from the Magnetospheric MultiScale (MMS) spacecraft.
Data Analysis
We conduct an observational analysis on seven events of magnetosheath turbulence measured with the MMS1 spacecraft. Among them, four events are downstream of a postnoon side (e.g., Gershman et al. 2014 ) bow shock configuration (events 1, 2, 3, and 4), while the other three events are downstream of a prenoon side bow shock configuration (events 5, 6, and 7). Figure 1 shows the positions of the MMS1 spacecraft for these events, and Table 1 exhibits the corresponding average solar wind conditions. Events on the upstream side of the prenoon regions correspond to slow solar wind, and events on the upstream side of postnoon regions correspond to fast solar wind. During these time intervals, burst mode data of some crucial physical quantities are available.
The magnetic field vectors are measured by the Fluxgate Magnetometer (Russell et al. 2016 ) and the Search-Coil Magnetometer (Le Contel et al. 2016) . The three components of the electric field are measured by the Spin-Plane Double Probe (Lindqvist et al. 2016 ) and the Axial Double Probe (Ergun et al. 2016) . We acquire the number density, velocity, and temperature of both ions and electrons from the Fast Plasma Investigation Figure 1 . Positions of the MMS1 spacecraft located between the magnetopause (black dashed line) and the bow shock (black dotted-dashed line), both of which are calculated by a 3D empirical model (Chao et al. 2002) . We plot the projections of the spacecraft, magnetopause, and bow shock position on the z=0 plane of the GSE coordinate system. All events occur near the bow shock, as calculated based on the upstream solar wind conditions. The bow shock of event 1 is plotted as a reference. (Pollock et al. 2016) , using data version 3.1. The resolution of burst mode data is 7.8 ms for the magnetic field, 0.12 ms for the electric field, 150 ms for ion moments, and 30 ms for electron moments. We illustrate the average values of some typical plasma parameters in Figure Note. From left to right: the event number, the direction of interplanetary magnetic field (IMF) in GSE coordinates, the shock angle, the solar wind speed, the proton density, the proton temperature, the geocentric radial distance between the spacecraft and the bow shock, the spacecraftʼs location and the shock type. 
e e e 2 0 ); and (g) ion and electron number density. Red and blue symbols represent events in the postnoon region and prenoon region, respectively.
 T e, on average (T s, and  T s, are the perpendicular and parallel temperatures of species s with respect to the local background magnetic field, respectively). The discrepancy between the ion and electron densities in event 6 suggests that the electrostatic analyzers for electrons potentially saturated during this event. The only plasma moment we use in our analysis is the ion velocity in order to derive the convective electric field, so that this artificial density discrepancy does not impact our conclusions.
Figures 3(a) and (b) show the trace PSD of the magnetic field and the electric field. We eliminate the convective electric field (i.e., ¢ = +É
E v B i
). We see from panel (a) that the magnetic field spectra (
1, 30 Hz have the same power level and spectral index (the average fitted spectral index a B is −2.95). The frequency range between 1 and 30 Hz lies between ion scales and electron scales for all events according to Taylorʼs hypothesis (for its validity, see Chhiber et al. 2018) . We justify the applicability of Taylorʼs hypothesis in two ways: the second-order structure function calculated from single-spacecraft data after transforming from the temporal domain to the spatial domain with Taylorʼs hypothesis is comparable to the spatial second-order structure function directly measured with six spacecraft separations. The applicability is also justified through the linear relation of the frequency in the spacecraft frame with the wavenumber calculated in our quantitative analysis below. Beyond 30 Hz, the spectra begin to bifurcate and then converge again when reaching sub-electron scales at ∼1 kHz. The ( ) B PSD trace segments for events on the prenoon-side downstream of the bow shock at frequencies greater than 30 Hz have similar scalings as their counterpart of PSD segments at frequencies between 1 and 30 Hz. The ( ) B PSD trace in the postnoon-side shock configuration shows a clear enhancement at frequencies between 30 and 300 Hz, which is consistent with an enhanced population of whistler waves. We present the details of our wave diagnosis in the following section. All ( ) B PSD trace curves nearly aggregate at about 1 kHz. At > f 1 kHz, the spectra flatten, which is potentially attributed to instrument noise. ) (He et al. 2012; Salem et al. 2012) , which is in agreement with our observations (panel (c) ). Therefore, we suggest that KAWs dominate this frequency range. We do not identify an enhancement in the frequency range between 30 and 300 Hz as in the magnetic spectrum. At around 800 Hz, however, the spectra show a weak and wide bulge, which, as we discuss in the following paragraph, is a feature consistent Figure 3 . (a) Trace power spectral density (PSD) of the magnetic field. We fit the spectra of the seven events and then take the average (black dashed line). (b) Trace power spectral density (PSD) of the electric field. We fit the spectra of six events, excluding event 5 due to its large deviation from the other events, and then take the average (black dashed line).
. The dotted line is the PSD of the magnetic field in the lobe region (2016 July 6 08:18:44-08:20:43), which serves as a proxy of the inflight noise level.
with the presence of electrostatic ion acoustic waves. Above 1 kHz, noise effects lead to a rapid fall in the spectra.
The lower sensitivity of the electric field antenna along the spin axis may not severely deteriorate the data quality of the parallel electric field measurements, since the parallel direction is often oblique to the spin axis in our study. The spin frequency of MMS, which is around 0.05 Hz, is below the frequency range of our study. Besides, the harmonic spin tones are not present in our PSD analysis of the electric field, suggesting that the wake effect may not be significant in the events we study.
We show the magnetic compressibility, a quantity related to magnetic variance anisotropy, in Figure 3(c) . In the event presented by Chen & Boldyrev (2017) 
to 1. In our events, the kinetic Alfvén waves have a magnetic compressibility slightly below b + ( ) 1 1 2 i . We interpret this lower magnetic compressibility as a consequence of the presence of whistler waves (as confirmed in the following part of our study). We show the ratio of the squared parallel electric field to the squared perpendicular electric field fluctuations in the same frequency range in panel (d). The parallel and perpendicular fluctuations are calculated with respect to the scale-dependent local mean background magnetic field (Podesta 2009 ).
In order to understand the nature of the fluctuations at subelectron scales in the magnetosheath, we diagnose the fluctuations by applying the singular value decomposition method (Santolík et al. 2003) to the wavelet time-period spectrum. We select two representative events: one event with spectral enhancement (event 3) and one event without spectral enhancement (event 7) as shown in Figure 4 . We find from panel (a1) that the PSD enhancement frequently emerges at around 100 Hz for some discrete time intervals. The enhancement mainly occurs in the perpendicular magnetic fluctuations, also seen as a depression of ( ) ( ) B B PSD PSD in panel (b1). Some whistler-wave features stand out at six time intervals (i.e., 22: 30-22:35; 22:43-22:53; 22:55-23:05; 23:08-23:18; 23:20-23:35; 23:40-23:45) at timescales of 0.001-0.02 s: the propagation direction of magnetic fluctuations is quasi-parallel relative to the local mean magnetic field B 0,local (panel (c1)); the magnetic fluctuations are nearly perpendicular to the local mean magnetic field B 0,local in polarization (panel (d1)); and the right-hand circular polarization of the magnetic fluctuations (panels (e1) and (f1)) and the electric fluctuations (panel (g1)). From the above, we suggest that this spectral enhancement is caused by quasi-parallel propagating, right-hand polarized whistler-mode waves. The events without enhancements, as shown in the right panels of Figure 4 , do not show these signals. The weaker signal of electric field right-hand polarization, as compared with the signal of the magnetic field, is probably due to the electrostatic field of KAWs, which exists in addition to the inductive electric field of the whistler waves. We see from Figure 2 that, for all shown events in the magnetosheath, the electron temperature is approximately isotropic, which contradicts the scenario of whistler-wave generation through the whistler anisotropy instability. We also study the 12-level heat flux data provided by MMS to investigate the possibility of whistler-wave generation by heat flux instabilities and find that the heat flux Q e is far below the threshold of linear instability, b = ). This threshold applies to  0.10  b 5.0 e and all observed b e fall within this range in our events. These observations of nonthermal particle properties suggest that the observed whistler waves are created by a nonlinear process, which requires further study. Figure 5 presents signatures of ion acoustic waves occurring in event 5. We identify two types of signals in the time-period spectrograms for the PSDs of  E andÊ : the first type shows a festoon-shape of the PSD extending from greater to smaller periods (Gallagher 1985) , for example, the signal occurring at around 05:09:02.700 on 2017 January 3. The second type is characterized by an isolated local maximum in the PSD, for example, the signal occurring at around 05:09:03.600 on 2017 January 3. We suggest as a possible cause for the weaker enhanced power in theÊ spectrum that the calculated  E and E are not strictly aligned with the local mean-magnetic-field coordinate system due to the intense compressibility of the magnetosheath.
Quantitative Analysis of the Wave Mode Composition
In this section, we study the energy partition among different wave modes (whistler waves (WWs), kinetic Alfvén waves (KAWs), and ion acoustic waves (IAWs)). We assume a mixture of three wave modes, as suggested by our qualitative analysis in the previous section: quasi-parallel propagating slow modes (q =  , where w sc is frequency in the spacecraft reference frame, w pl. is frequency in the plasma frame and v is bulk plasma velocity, with the assumption that  k v. We find that w sc follows a linear relationship with the wavenumber, which also justifies our use of Taylorʼs hypothesis. Figure 6 shows the polarization curves for the different wave modes. The observed ( ) ( ) B B PSD PSD and
PSD of event 3 are also displayed in the same figure.
We first define the ratios are the contributions to the perpendicular (parallel) fluctuating magnetic and electric fields relative to the background magnetic field from mode x.
We regard the total fluctuations as a combination of fluctuations from these three modes. Then, we find for the predicted fluctuations measured by the spacecraft: By dividing Equation (6) by (7) and Equation (8) by (9), we find The solutions to Equation ( (the ratio of IAW dB 2 to KAW dB 2 ). These quantities apply to all wavenumbers in principle, and we solve Equation (10) at kd i from 0.1 to 4000, which covers the wavenumber domain corresponding to the frequency domain we consider in this study. For the other fluctuating quantities (e.g.,
, our calculation follows the same procedure. We list the results of our calculation for six frequencies in Table 2 
Discussion and Conclusions
We investigate the nature of turbulence from ion scales at about 1 Hz to sub-electron scales at about 1 kHz in the magnetosheath based on seven events obtained from the MMS1 spacecraft. Between ion scales and the electron inertial scale, the ( ) B PSD trace measurements are approximately equal, which is consistent with observations in the solar wind (Bruno et al. 2014) . At the electron inertial scale, the PSDs of different events bifurcate. Bruno et al. (2014) present an identical behavior of the magnetic PSD at sub-ion scales in the solar wind regardless of the flow speed. The equal behavior and amplitude of magnetic PSDs at sub-ion scales for various types of solar wind is attributed to more dissipation at sub-ion scales in high speed flows, leading to hotter protons and alpha particles. In our study, we find the same behavior in the magnetosheath. The transition of upstream solar-wind flows with different speeds, the dependence of the enhancement of turbulence on the flow speed, and the PSD behavior at sub-ion scales for different upstream conditions are interesting topics for future study. Observations of magnetic and/or electric field polarization and waveforms are usually conducted (Zhang et al. 1998; Breneman et al. 2010; Lacombe et al. 2014) to identify the whistler mode. In this context, we highlight our finding that, in contrast to the magnetic spectral enhancement, the corresponding electric field signal does not stand out from the background turbulence PSD, showing no enhancement at the relevant scales. We identify two possible explanations for the different behavior in the magnetic and electric field signals: (1) ( ) E PSD trace has contributions from both the whistler waves' electric field and the KAWs' electrostatic field; (2) alternatively, the steeper power-law profile of PSD(B) compared to the profile of PSD(E) can lead to a sampling effect. For example, when sampling along the magnetic field in a time series, the magnetic signal of quasi-parallel propagating waves with a given wavenumber can be stronger than the projected signal of obliquely propagating waves with greater wavenumber, while the electric signal of the same quasi-parallel propagating waves can be hidden by the enhanced projected signal of the same obliquely propagating waves with greater wavenumber. 
2 . Panels (e) and (f) show predictions for the magnetic field and electric field polarizations as functions of the Doppler-shifted frequency for kinetic Alfvén waves (kaw), whistler waves (ww), and ion acoustic waves (iaw) according to linearized two-fluid theory. We use the averaged plasma conditions of event 3 for the calculations shown in panels (e) and (f). In order to understand the underlying physics, we invoke a quantitative study of the difference between the PSD(B) and PSD(E) profiles by modeling a combination of wave modes (i.e., KAWs, WWs, and IAWs in our work) in the full range of frequencies from ion to electron scales. Our multi-component analysis successfully reproduces the observed PSDs ofB ,  B , E ,  E . Based on the decomposition analysis of PSD(B ), PSD (  B ), PSD(Ê ), and PSD(  E ) into contributions from these three wave modes, we learn that (1) PSD(B ) is mainly related to KAWs and WWs at frequencies below and above 30 Hz; (2) PSD(  B ) is primarily determined by KAWs throughout the investigated frequency range; (3) PSD(Ê ) is mainly determined by KAWs with a secondary contribution from WWs in the full frequency range and (4) PSD(  E ) is mainly determined by IAWs with a secondary contribution from KAWs. These results also resolve the question as to why ( ) E PSD trace does not show a spectral enhancement at the same frequencies at which ( ) B PSD trace is enhanced. Chen & Boldyrev (2017) show that, occasionally, the turbulence in the magnetosheath is IKAW-like beyond the electron inertial scale. Our study demonstrates that the magnetosheath turbulence at sub-electron scales can consist of other types of electrostatic waves (e.g., ion acoustic waves) or electromagnetic waves (e.g., whistler waves) besides IKAWs, which may depend on plasma parameters such as b i and T T e i . Therefore, the nature of magnetosheath turbulence at kinetic scales is complicated and diverse, as it can be composed of multiple components. Electrostatic modes beyond electron scales, which are likely IAWs, manifest as island-shapes in the time-period spectrogram. 
